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Abstract
We discuss a core instability of ’t Hooft Polyakov monopoles in Alice electrodynam-
ics type of models in which charge conjugation symmetry is gauged. The monopole
may deform into a toroidal defect which carries an Alice flux and a (non-localizable)
magnetic Cheshire charge.
1 Introduction
Since the pioneering work of ’t Hooft and Polyakov [1] magnetic monopoles have been
studied in detail in many different models. In this paper we address the question of
stability of the core of the fundamental, spherically symmetric, monopole configuration,
a stability which appears to be so obvious that it was never seriously questioned. We
will show that in a rather simple model the spherically symmetric unit charge magnetic
monopole is not the global minimal energy solution for all parameter values in the model.
The fact that the core topology is not uniquely determined by the boundary conditions
and different core topologies can be deformed into each other was already established
earlier [2]. As we will indicate, Alice theories have a special feature which makes it more
plausible that such a core deformation really may be favored energetically. Our interest in
this problem was rekindled by some observations that were made in theories with global
symmetries [3].
We start by briefly summarizing the main features of Alice Electrodynamics (AED),
then we discuss the particular tensor model we will use to explicitly establish the core
instability and determine some region in parameter space where this occurs.
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2 A core deformation in Alice Electrodynamics
Alice electrodynamics (AED) is a gauge theory with gauge group H = U(1)⋉Z2 ∼ O(2),
i.e. a minimally non-abelian extension of ordinary electrodynamics. The nontrivial Z2
transformation reverses the direction of the electric and magnetic fields and the sign of the
charges. In other words, in Alice electrodynamics charge conjugation symmetry is gauged.
However, as this non-abelian extension is discrete, it only affects electrodynamics through
certain global (topological) features, such as the appearance of Alice fluxes and Cheshire
charges [4, 5]. The possibility of a non-localizable magnetic Cheshire charge will be of
great importance in our study of the core instability of the monopole. The topological
structure of U(1) ⋉ Z2 differs from that of U(1) in a few subtle points. AED allows
topologically stable localized fluxes since Π0(U(1)⋉ Z2) = Z2, the so called Alice fluxes.
Note that in this theory this flux is coe¨xisting with the unbroken U(1) of electromagnetism
and is therefore not an ordinary “magnetic” flux. Just as a U(1) gauge theory, AED may
contain magnetic monopoles, which follows from the fact that Π1(U(1) ⋉ Z2) = Z. We
note however, that due to the fact that the Z2 and the U(1) part of the gauge group do not
commute, magnetic charges of opposite sign belong to the same topological sector. Alice
phases can be generated by spontaneously breaking SU(2) (or SO(3)) to U(1) ⋉ Z2, for
example by choosing a Higgs field in a 5-dimensional representation of the gauge group. In
that case the topological defects, fluxes [6, 7] and monopoles [1], will correspond to regular
classical solutions. It was pointed out long ago that there are interesting issues concerning
the core stability of magnetic monopoles. Fixing the asymptotics of the Higgs field, the
core (i.e. the zeros of the Higgs field1) may have different topologies, notably that of a
ring rather than the conventional point. These core topologies can be smoothly deformed
into each other and it is a question of energetics what will be the lowest energy monopole
state [2]. We return to this issue in this paper because the core deformation would be
accompanied by the rather unusual delocalized version of (magnetic) charge, the so called
Cheshire charge. In the specific AED model we studied the Higgs field is a symmetric
tensor, whose vacuum expectation value may be depicted as a bidirectional arrow. The
head-tail symmetry of the order parameter reflects the charge conjugation symmetry of
the theory. In AED the spherical monopole can be punctured and be deformed into
an Alice loop, this configuration is consistent with the order parameter because of the
the head-tail symmetry of the order parameter. In figure 1 we show a slice of this core
deformation. Note that the order parameter on the right hand side of figure 1 only rotates
over an angle π when going around a single flux. This is the hallmark for an Alice flux,
i.e. the core deformed spherical monopole is in fact an Alice loop carrying a magnetic
Cheshire charge.
3 The tensor model of AED
To be able to answer stability questions of the spherically symmetric monopole configura-
tion (or the Cheshire charged Alice loop) we consider an explicit model. In the remainder
we focus on the original tensor Alice model [8]. The action of this model is given by:
S =
∫
d4x {1
4
F a,µνF aµν +
1
4
Tr(DµΦDµΦ)− V (Φ)}, (1)
1In fact in AED the Higgs field does not even need to go to zero for the ring type solution
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Figure 1: A slice of the core deformation of the spherical monopole into an Alice loop, carrying a
magnetic Cheshire charge.
where the Higgs field Φ = Φab is a real, symmetric, traceless 3× 3 matrix, i.e. Φ is in the
five dimensional representation of SO(3) and DµΦ = ∂µΦ − ie[Aµ,Φ], with Aµ = AaµTa,
where Ta are the generators of SO(3). The most general renormalizeable potential is given
by [9]:
V = −1
2
µ2TrΦ2 − 1
3
γTrΦ3 +
1
4
λ(TrΦ2)2 (2)
with γ > 0, since (Φ, γ) = (−Φ,−γ).
For a suitable range of the parameters in the potential, the gauge symmetry of the model
will be broken to the symmetry of AED. In the “unitary” gauge, where the Higgs field is
diagonal, the ground state is (up to permutations) given by the following matrix:
Φ0 =

 −f 0 00 −f 0
0 0 2f

 (3)
with f = γ
12λ
(1+
√
1 + 24µ
2λ
γ2
). The full action has four parameters, e, µ2, γ, λ, this number
can be reduced to two dimensionless parameters by appropriate rescalings of the variables.
A physical choice for these dimensionless parameters is to take the ratio’s of the masses
that one finds from perturbing around the homogeneous minimum. To determine these,
we write the action in the unitary gauge where the massless components of Φ have been
absorbed by the gauge fields. The physical components of the Higgs field may be expanded
as:
Φ(xµ) = Φ0 +
√
2φ1(x
µ)E1 +
√
2φ2(x
µ) R3(a(x
µ))E2R3(a(x
µ))T (4)
with:
E1 =
1√
6

 −1 0 00 −1 0
0 0 2

 ; E2 = 1√
2

 1 0 00 −1 0
0 0 0

 ; E3 = 1√
2

 0 0 10 0 0
1 0 0

 (5)
and Ri are the usual rotation matrices. To second order, the potential V (Φ) takes the
following form2:
V (Φ) = const. + (2µ2 + γf)φ2
1
+ 3γf |φ2|2 + ... (6)
yielding the two distinct masses of the Higgs modes. Next we look at the ’kinetic’ term,
1
4
Tr(DµΦDµΦ), of the Higgs field. Inserting the previous expressions for the Higgs field,
2It is most convenient to use φ2 for the combination φ2e
ia, since these two Higgs modes, φ2 and a,
combine to form one complex charged field, from now on called φ2.
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we find:
1
4
Tr(DµΦDµΦ) =
1
2
(∂µφ1)
2 +
1
2
|D3µφ2|2 +
9
2
e2f 2[(A1µ)
2 + (A2µ)
2] + ... (7)
with: D3µ = ∂µ− i2eA3µ. The second term shows that the φ2 component of the Higgs field
carries a charge 2e with respect to the unbroken U(1) component A3µ of the gauge field.
The first term describes the usual charge neutral Higgs particle and the third term yields
the mass of the charged gauge fields. Thus the relevant lowest order action is given by:
S =
∫
d4x{1
4
F aµνF
a,µν +
1
2
(∂µφ1)
2 +
1
2
|D3µφ2|2 −
1
2
m2
1
φ2
1
(8)
−1
2
m2
2
|φ2|2 − 1
2
m2A[(A
1
µ)
2 + (A2µ)
2] + ...}
with m2
1
= 4µ2 + 2γf , m2
2
= 6γf and m2A = 9e
2f 2. Thus two degrees of freedom of the
five dimensional Higgs field are ’eaten’ by the broken gauge fields, one degree of freedom
forms the real neutral scalar field and two degrees of freedom form the complex (doubly
charged) scalar field. To specify a point in the parameter space of classical solutions we
may, up to irrelevant rescalings, use the dimensionless mass ratio’s m1
m2
and mA
m2
.
4 The core instability
In this section we will show that the monopole core, see figure 2, becomes meta- or unstable
for a certain range in the parameter space of the theory. Our strategy is as follows. Using
numerical methods, we look for the global and local minima of the monopole energy
within a class of configurations given by a suitable ansatz. We restrict ourselves to static
configurations and the ansatz we use contains the spherically symmetric ’t Hooft-Polyakov
monopole configuration as a special case [8]. The ansatz is cylindrically symmetric and
also has reflection symmetry with respect to the z = 0 plane.
The ansatz for the Higgs field is:
Φ(z, ρ, θ = 0) = φ1(z, ρ)E1 + φ2(z, ρ)E2 + φ3(z, ρ)E3 (9)
and
Φ(z, ρ, θ) = R3(θ)Φ(z, ρ, θ = 0)R3(θ)
T (10)
The ansatz for the gauge fields is simply given by eAji = −ǫijk x
k
x2
A(z, ρ), very similar to the
one for the spherically symmetric monopole [1], except that we allow A(z, ρ) to depend on
ρ and z instead of only depending on r =
√
ρ2 + z2. The boundary conditions for r →∞
are the boundary conditions of the spherically symmetric monopole as in [8], i.e. A(z, ρ)
goes to one and the Higgs field to Φ(z, ρ, θ) = R3(θ)R2(arccos(
z
r
))Φ0R2(arccos(
z
r
))TR3(θ)
T .
The boundary conditions for ρ = 0 and z = 0 follow by imposing the cylindrical and re-
flection symmetry and are given in the table below:
ρ = 0 z = 0
φ1 ∂ρφ1 = 0 ∂zφ1 = 0
φ2 ∂ρφ2 = φ2 = 0 ∂zφ2 = 0
φ3 φ3 = 0 φ3 = 0
A ∂ρA = 0 ∂zA = 0
4
-4
-3
-2
-1 0 1 2 3 4x -4
-3 -2
-1 0
1 2
3 4
z
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
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Figure 2: A slice of a magnetic monopole solution at y = 0, we plotted 1− TrΦ2
f2
.
m1
m2
= 0.571 and mA
m2
= 0.0095.
It is easy to see that these boundary conditions are also met by the spherically symmetric
monopole ansatz, so it is indeed contained in our more general ansatz. The important
point is that our ansatz in principle allows for the possibility of an Alice loop configuration
carrying a magnetic Cheshire charge, see figure 3. These are exactly the two configurations
that we want to compare.
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Figure 3: A slice of a Cheshire charged Alice loop configuration at y = 0, we plotted 1− TrΦ2
f2
.
m1
m2
= 0.882 and mA
m2
= 0.0073.
Using the ansatz, we indeed found configurations having less energy than the spheri-
cally symmetric monopole solution, at least in a certain region of the parameter space. We
even found that the spherically symmetric monopole is not always locally stable. Strictly
speaking our non spherical symmetric configurations, the magnetically Cheshire charged
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configurations, are only approximate solutions and consequently, they only yield an upper
bound to the energy of the true solution. Obviously this suffices to show the instability
of the standard monopole and we do expect that the true solution is very close to this
magnetically Cheshire charged Alice loop configuration. In this paper we only present
the results concerning configurations along a specific path in the parameter space of the
theory. We refer to an forthcoming paper [10] where we will determine the stability, meta
stability and instability regions of both configurations, within this ansatz for the ’full’
parameter space of the model. The path, see figure 4, we have considered covers three
regions of the model. In one region, on the left of point A, the monopole is the only
stable solution. In the next region, between point A and C, both the monopole and the
Alice loop are locally stable and in the last, on the right of point C, the Alice loop is the
only locally stable configuration. Somewhere half way the middle region, point B, the
monopole is no longer the global minimum, whereas the Alice loop is, i.e. the monopole
is only a meta stable solution.
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Figure 4: Going from the left to the right: After point A, the thick line represents the errorbar along
the path, the Alice loop becomes locally stable, between point A and C both the monopole and the Alice
loop are locally stable. After point B the monopole is only meta stable and after point C it is even an
unstable solution.
The two extreme sides of the path can be understood as follows. The two masses m1 and
m2 correspond to the energy cost to deviate from the vacuum in two different ways. m1 is
the energy cost for deviating in the neutral direction or ’length’ of the Higgs field, while
m2 is the energy cost in deviating in a non uniaxial direction. Thus in the limit
m1
m2
→ 0,
the deviations in the non uniaxial directions are suppressed. There one would expect the
uniaxial monopole to be the global stable solution. In the opposite limit, m1
m2
→ ∞, one
would expect an ’escape’ into the non-uniaxial directions and a suppression in the length
deviation, signaling the meta stability of the uniaxial monopole, as is the case for the
Alice loop configuration. Notice that the length of the Higgs field never becomes zero3 in
3 Not shown here, but we also find that the minimum length of the Higgs field in the case of the Alice
loop increases for increasing m1
m2
as this argument indicates.
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the case of the Alice loop, i.e. 1− TrΦ2
f2
never becomes one in figure 3.
5 Conclusion and outlook
In this letter we showed that monopoles of the ’t Hooft Polyakov type may exhibit a core
instability, depending on the parameters of the theory. In one part of the parameter space,
the spherical monopole is the global minimum. In another part it corresponds to a local
minimum and there even is a region where it is unstable. We found that the competing
configuration is a magnetically Cheshire charged Alice loop. Since we worked within a
limited ansatz, the regions we found for the monopole global and/or local stability are
in fact only upper bounds on the stability regions of the spherical monopole, and these
regions can only become smaller when no (or less) restrictions are put on the configurations
one may sample. At the moment we are scanning the ’full’ parameter space of the model.
The results obtained as well as more detailed information on the model, the simulations
and the configurations we found, will be published elsewhere [10].
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